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ABSTRACT 

 

A numerical investigation of laminar natural 
convection heat transfer from small horizontal wires at near-
critical pressures has been carried out with carbon dioxide as 
the test fluid. The parameters varied are: (i) Pressure (P): 7.50–
9.60 MPa, (ii) Bulk fluid temperature (Tb): 5–50oC, (iii) Wall 
temperature (Tw): 5.1–200oC, and (iv) Wire diameter (D): 25.4, 
76.2 and 100 µm.  The steady-state Navier-Stokes equations 
(low Mach number asymptotic form) are solved with variable 
properties.  
 The results of the numerical simulations agree 
reasonably well with available experimental data. The 
dependence of heat transfer coefficient (h) on P, Tb, Tw and D 
were investigated. The results obtained are as follows: 

(i) For given P and D, h is strongly dependent on Tb 
and Tw.  

(ii) The heat transfer coefficient decreases with 
increasing values of P (P/Pc > 1).  

(iii) For fixed P, Tw and Tb, the dependence of h on D 
is h ∝ D-0.47. 

(iv) For a given P, the maximum heat transfer 
coefficient is obtained for conditions where Tb < 
Tpc < Tw, where Tpc denotes the pseudocritical 
temperature. Based on the analysis of the 
temperature and flow field once can qualitatively 
show that this peak in h when k, Cp and Pr in the 
fluid peak close to the heated surface. 

�OME�CLATURE 

Cp Specific heat capacity 
D Diameter  

Fr Froude number  
g Gravitational acceleration 
Gr Grashof number  
h Heat transfer coefficient 
k Thermal conductivity 
l length scale 
n Iteration index 
u Nusselt number  
P Pressure 
Pe Peclet number (= RePr) 
Pr Prandtl number  
q Heat flux 
r Radial coordinate 
Ra Rayleigh number  
Re Reynolds number  
T Temperature 
∆T Temperature difference 
u Radial velocity component 
v Angular velocity component 
y Normal distance from the wall  
 
Greek symbols 

β Volume expansitvity 
η Dimensionless radial coordinate 
µ Dynamic viscosity 
θ Angular coordinate 
ρ Density 
τ Stress vector 
 
Subscripts 
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b Bulk conditions 
c Critical state 
d Dynamic 
in Inner 
out Outer 
pc Pseudocritical state 
ref Reference state 
th Thermodynamic 
w Wall 
 

I�TRODUCTIO� 

In recent years, the number of applications involving 
fluids at near-critical pressures in industrial processes has risen 
dramatically. The popularity of near-critical fluids can be 
attributed to the desirable properties they exhibit, namely, high 
specific enthalpy, low dynamic viscosity, large oxidation 
potential and good solubility. However, other properties such as 
density and thermal conductivity decrease as the fluid goes from 
a “liquid-like” state to a “gas-like” state.  Because of the rapid 
change in properties with temperature, both enhancement and/or 
deterioration in heat transfer have been reported.   

It is these very changes in fluid properties that have 
renewed the interest in the study of heat transfer in fluids close 
to the critical pressure. For example, the increased solubility 
and oxidation potential of supercritical fluids (water and CO2 in 
particular) have resulted in it being used as solvents for 
extraction of substances ranging from hydrocarbons to heavy 
metals, chemical synthesis, chromatography, cleaning agents, 
manufacturing of nanoparticles, and degradation of toxic 
organic waste. Due to the high specific enthalpy, supercritical 
fluids are also used as a coolant in several high heat flux 
thermal applications such as rocket engine cooling using 
cryogenic fuels and cooling of superconductors. More recently, 
conceptual designs for a Supercritical Water-Cooled Reactor 
(SCWR), operating at 25 MPa has been proposed. These 
reactors are expected to have a number of advantages such as: 
(i) reduced fluid inventory and compactness, (ii) higher 
efficiency (about 40%, up from 25–30%), and (iii) simple 
system – the steam generator, separator, condenser, etc. are 
eliminated since no phase-change occurs. Additionally, 
thermosyphons (with CO2 as the working fluid) operating close 
to the critical point that exhibit an effective thermal 
conductivity of about 12,000 times that of pure copper have 
been reported by Hahne [1]. However, tools to design such a 
system are not currently available.  
 While the vast majority of previous studies have 
focused on forced convection heat transfer only a handful of 
studies have focused on natural convection heat transfer. Some 
of the notable experimental studies are those of Simon and 
Eckert [2], Knapp and Sabersky [3], Abadzic and Goldstein [4], 
and Neumann and Hahne [5]. All the above mentioned studies 
investigated heat transfer from horizontal wires at near-critical 
pressures. The enhancement and/or deterioration of the heat 
transfer coefficient (h) with change in the wall temperature (Tw) 

and bulk fluid temperature (Tb) were observed in these studies. 
These are attributed to the large change in the fluid properties 
that occur close to the critical (Tc) or pseudocritical temperature 
(Tpc).  

A handful of analytical/numerical studies have been 
performed on natural convection at near-critical pressures. 
Nishikawa and Ito [6] numerically studied natural convection 
from an isothermal vertical wall to supercritical H20 and CO2. 
Hilal [7] investigated natural convection from a vertical 
isothermal plate to supercritical He. A similar study was also 
conducted by Seetharam and Sharma [8] wherein they 
investigated free convection from a vertical wall to supercritical 
CO2. A uniform heat flux boundary condition was used in this 
study. All the studies mentioned above use the boundary layer 
approximation. The numerical results show the following 
behavior: for a given Tb, h increases rapidly with increasing Tw; 
reaches a maximum value and then decreases with further 
increase in Tw. For Tb < Tpc, the maximum value of h was 
observed to occur when Tw is close to Tpc. Additionally, the 
magnitude of h increases with increasing Tb provided Tb < Tpc. 
The large values of h close to Tpc were attributed to the large 
change in the fluid properties close to Tpc. To illustrate this, Fig. 
1 shows the variation of some relevant properties of CO2 as a 
function of Tw for P = 8.10 MPa (P/Pc = 1.098). 

 In order to gain further insight into the heat transfer 
mechanisms involved, an experimental and numerical study was 
undertaken to investigate heat transfer from horizontal cylinders 
at near-critical pressures. This paper focuses only on the 
numerical aspects of the study. The experimental aspects of the 
study are discussed in a companion paper [9]. To the best of the 
authors’ knowledge, no analytical/numerical work on this 
geometry has been conducted previously. 
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FIGURE 1.  PROPERTY VARIATION AS A FUNCTION OF 
TEMPERATURE (P = 8.10 MPA, CO2). 
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GOVER�I�G EQUATIO�S 

The low Mach number asymptotic form of the Navier-
Stokes equations has been previously used by several 
researchers to study the heat transfer in compressible fluids 
([10]-[13]). In this formulation, the total pressure (Ptotal) is split 
into two parts, namely, (i) thermodynamic pressure (Pth) and (ii) 
dynamic pressure (Pd). In addition, Pth is assumed to be 
constant in space but allowed to vary with time while Pd is a 
function of both space and time. Additionally, the fluid density 
(ρ) is assumed to only depend on Pth. As a result, the acoustics 
are filtered out since the density is independent of the spatially 
and temporally varying Pd. 

Separate computer codes to solve the transient and 
steady-state form of the governing equations were developed. In 
this work, only the steady-state numerical simulations will be 
described. The low Mach number form of the Navier-Stokes 
equations in cylindrical coordinates, neglecting the viscous 
dissipation terms (negligible for low speed flows), is given in 
dimensional form as, 

 
Continuity: 

( ) ( )1 1 0
r u v

r r r

ρ ρ

θ

∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∂ ∂
+ =

∂ ∂
           (1) 

 
Momentum: 

 

( ) ( )

( )

21 1

1 1

d

r r r

r

r u u v u Pv

r r r r r

r
g

r r r r

θ θ θ

ρ ρ ρ

θ

τ τ τ
ρ

θ

∗ ∗ ∗ ∗ ∗ ∗

∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗ ∗

∂ ∂ ∂
+ − = −

∂ ∂ ∂

 ∂ ∂ + − + −
 ∂ ∂  

    (2) 

 

 

( ) ( )

( )2

2

1 1 1

1 1

d

r

r u v v v Pu v

r r r r r

r
g

r r r

θ θ θ
θ

ρ ρ ρ

θ θ

τ τ
ρ

θ

∗ ∗ ∗ ∗

∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗

∂ ∂ ∂
+ + = −

∂ ∂ ∂

 ∂ ∂ + − +
 ∂ ∂  

  (3) 

 
Energy: 

 

 

( ) ( )

( )

1 1

1 1 1r

p

r u T v T

r r r

r q q

C r r r

θ

ρ ρ

θ

θ

∗

∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗ ∗ ∗

∂ ∂
+ =

∂ ∂

 ∂ ∂ − −
 ∂ ∂  

           (4) 

 
Equation of State (EOS): 

 

 ( ), thf T Pρ ∗ ∗=    (arbitrary EOS)            (5) 

 
where 

 
( )2 1 12

3r r

r uu v

r r r r
τ µ

θ
∗ ∗

∗ ∗∗ ∗
∗ ∗

∗ ∗ ∗ ∗ ∗

  ∂∂ ∂  = − − +  ∂ ∂ ∂    

      (6) 

 

 
( )1 2 1 12

3

r uv u v

r r r r r r
θ θτ µ

θ
∗ ∗

∗ ∗∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗

  ∂ ∂ ∂  = − + − +    ∂ ∂ ∂     

 (7) 

 

 12
r

v u

r r r
θτ µ

θ
∗ ∗

∗ ∗
∗ ∗

∗ ∗ ∗ ∗

  ∂ ∂
= − +   ∂ ∂   

          (8) 

 

 ,
r

T k T
q k q

r r
θ θ

∗ ∗

∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗

∂ ∂
= − = −

∂ ∂
           (9) 

 
In the above equations the superscript (*) represents 
dimensional quantities. Due to the splitting of totalP∗  into thP∗  

and dP∗ , an additional equation is required to determine thP∗ . 
For a closed domain (defined as a domain zero inflow or 
outflow across its boundaries),

thP∗  can be determined from the 
overall mass conservation as, 
 

( ), th

V V

Mass dV T P dV Constantρ ρ
∗ ∗

∗ ∗ ∗ ∗ ∗ ∗= = =∫ ∫    (10) 

 
On the other hand, for an open domain (defined as a domain 
with inflow and outflow across its boundaries), P

th
∗  is constant. 

Alternate forms of the energy equation can also be used (eg. 
[12] and [14]). Temperature was chosen as the primary variable 
in the energy equation because all the property values are 
defined based on temperature and pressure (from NIST 
REFPROP [15]). If the energy equation was written in terms of 
other variables such as enthalpy or internal energy, then an 
iterative procedure would be required to determine the 
temperature and/or pressure and fluid properties. 

To obtain accurate results, high grid density is required 
close to the heater surface. Hence the cylindrical coordinates 
are converted to the log-polar coordinates using the following 
transformation: 

 

 ln , 2ref in

ref

r
l r

l
η

∗
∗ ∗

∗

 
 = =
 
 

              (11) 
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Where inr∗ is the inner radius. The reference velocity ( refu∗ ) is 

defined as, 
 

 ref

ref

ref ref

u Ra
l

µ

ρ

∗
∗

∗ ∗=                  (12) 

 
Other dimensionless quantities are defined as follows: 
 

   

, , , ,
2

, , , ,

, , ,2
,

u v T
u v T

u u Tref ref ref

k g Cp
k g Cp

k g Cpref ref ref ref

P Pth dP Pth dP uref th ref ref ref

θ
θ

π

ρ
ρ

ρ

µ
µ

µ ρ

∗ ∗ ∗ ∗
= = = =∗ ∗ ∗

∗ ∗ ∗ ∗
= = = =∗ ∗ ∗ ∗

∗ ∗∗
= = =∗ ∗ ∗ ∗

     (13) 

 
Dimensionless numbers are defined as follows, 

 

( )
( )

3

, ,2

, ,

2
,

g T l Cpref ref ref ref ref
Gr Pr

kref
ref ref

u lref ref ref
Ra PrGr Re Ra

ref

uref
Fr Pr T Pe RePr RaPrref

g lref ref

β µ

µ ρ

ρ

µ

β

∗ ∗ ∗ ∗ ∗ ∗∆
= = ∗

∗ ∗

∗ ∗ ∗

= = =∗

∗
∗= = ∆ = =∗ ∗

 (14) 

 
In Eq. (13), all reference quantities are denoted with the 
subscript (ref). All reference fluid properties are evaluated at 

refT ∗ and
refP∗ . The resulting dimensionless governing equations 

are, 
 
Continuity: 

 
( ) ( )

2
1 1 0

2

e u v

e e

η

η η

ρ ρ

η θπ

∂ ∂
+ =

∂ ∂
         (15) 

Momentum: 

 

( ) ( )

( )

2

2

2

1 1 1
2

1 1 1
2

d

r

e uu vu Pv

e e e e

eg

Fr Ra e e e

η

η η η η

η
ηη ηθ θθ

η η η

ρ ρ ρ
η θ ηπ

τ τ τρ
η θπ

∂ ∂ ∂
+ − = −

∂ ∂ ∂

 ∂ ∂ + − + −
 ∂ ∂
  

   (16) 

 

( ) ( )

( )
2

2

3

1 1 1
2 2

1 1 1
2

d
e uv vv Puv

e e e e

eg

Fr Ra e e

η

η η η η

η
ηθθ θθ

η η

ρ ρ ρ
η θ θπ π

τρ τ
η θπ

∂ ∂ ∂
+ + = −

∂ ∂ ∂

 ∂ ∂ + − +
 ∂ ∂
  

  (17) 

Energy: 

 

( ) ( )

( )
2

2

1 1
2

1 1 1
Pr 2

e uT vT

e e

e q q

Cp Ra e e

η

η η

η
η θ

η η

ρ ρ

η θπ

η θπ

∂ ∂
+ =

∂ ∂

 ∂ ∂ − −
 ∂ ∂
  

     (18) 

EOS: 

( ), thf T Pρ =                   (19) 

where 

 
( )

2
2 2 1 1

3 2

e uu v

e e e

η

ηη η η η
τ µ

η η θπ

  ∂∂ ∂  = − − +  ∂ ∂ ∂    

     (20) 

 
( )

2 2
1 2 1 12

3 2

e uv u v

e e e e

η

θθ η η η η
τ µ

η η θπ

  ∂ ∂ ∂  = − + − +   ∂ ∂ ∂     

(21) 

 
2 1

2
v u

e e e
ηθ η η η

τ µ
η θπ

 ∂ ∂ 
= − +  ∂ ∂  

         (22) 

 ,
2

k T k T
q q

e e
η θη ηη θπ

∂ ∂
= − = −

∂ ∂
          (23) 

 

GOVER�I�G EQUATIO�S 

Computational domain and discretization 

The computational domain is shown in Fig. 2. It 
consists of a horizontal heated cylinder placed in a fluid. Due to 
the symmetry, only one half of the cylinder is considered. 
Uniform grids are employed in both η and θ directions. A 
standard staggered grid is used with the scalar quantities (T, ρ, 

µ, k and Cp) defined at the cell centers and the velocity 
components (u and v) defined at the cell interfaces. A second-
order finite volume scheme is used for discretization [16]. The 
diffusion terms are discretized using the second-order Central 
Difference Scheme (CDS) and are always treated implicitly. 
The convective terms are discretized using a deferred correction 
approach [17], which is a combination of the first-order upwind 
interpolation scheme (treated implicitly) and a higher-order 
interpolation scheme [18] (MUSCL scheme treated explicitly). 
The effect of both temperature and pressure are incorporated 
into all the fluid properties. As mentioned earlier, the required 
properties are evaluated using the NIST REFPROP modules. 
The pressure velocity coupling is accomplished using the 
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SIMPLEC method [19]. The resulting set of linear algebraic 
equations are preconditioned using the simple Jacobi 
preconditioner and is solved using either the SIP [20] or 
GMRES [21] solvers. 

 

 
FIGURE 2.  COMPUTATIONAL DOMAIN. 
 

 
�umerical Algorithm 

(i) Iteration count is n. Initialize all variables. The initial  
temperature (

iniT ) and thermodynamic pressure ( ,th iniP ) 
are set equal to the prescribed 

bT and
th

P , respectively. 

All fluid properties are calculated based on 
iniT and 

,th ini
P .  

(ii) Begin iterations. Increment iteration count to n +1. 
(iii) Solve energy equation (Eq. (18)) for 1nT + . Typical 

underrelaxation factors used were in the range 0.4-0.6. 
(iv) Update density using given EOS (Eq. (18)) to account 

for change in temperature; ( )1 1,n n n

th
T Pρ ρ+ +=ɶ . 

(v) Update the thermodynamic pressure and then update 
the density (Eq.(19)) (to account for change in 
thermodynamic pressure). For an open domain, 
since 1n n

th thP P constant+ = = , the density does not have to 
be updated. The algorithm for updating Pth and ρ in a 
closed domain is given below:  
a) The total mass in the closed domain is 

constant. The total mass is given by,  
 

 ( )0 0 0 0, th

V V

M dV T P dVρ ρ= =∫ ∫       (24)  

 
  where the superscript (0) denotes the initial values. 

b) For any given iteration (n+1), the mass in the 
domain is calculated as, 

 

 ( )1 1 1 1,n n n n
th

V V

M dV T P dVρ ρ+ + + += =∫ ∫   (25) 

 
c) Using Taylor series expansion the density can 

be approximated as, 
 

 

( ) ( ) ( )

( )

( ) ( )

( )

1 1 1 1

1

1 1

1 1

, ,

,

n
th

n

n

n

n
n n n n n n n

th th n

P

n
n n

th thn
th T

n
n n n n

th th thn
th T

n
n n n

th thn
th T

T P T P T T
T

P P
P

T P P P
P

P P
P

ρ
ρ ρ ρ

ρ

ρ
ρ

ρ
ρ

+ + + +

+

+ +

+ +

 ∂
= = + −  ∂ 

 ∂
+ −  ∂ 

 ∂
= + −  ∂ 

 ∂
= + −  ∂ 

ɶ

(26) 

 
d) Substituting Eq. (26) into Eq. (25) yields 

the mass in the domain as, 

 

( ) ( )

( ) ( )

( )

( )

1 1 1 1

1 1

1 1

1 1 1 1

,

,

n

n

n

n
n n n n n n

th th thn
th TV V

n
n n n n

th th th n
th TV V

n
n n n

th th n
th TV

n
n n n n n

th th n
th

M dV T P P P dV
P

T P dV P P dV
P

M P P dV
P

M M M P P
P

ρ
ρ ρ

ρ
ρ

ρ

ρ

+ + + +

+ +

+ +

+ + + +

  ∂
 = = + −  ∂   

 ∂
= + −   ∂ 

 ∂
= + −   ∂ 

 ∂
⇒ ∆ = − = −   ∂ 

∫ ∫

∫ ∫

∫ɶ

ɶ
nTV

dV∫

(27) 

e) Equating Eq. (24) and Eq. (27) yields, 

 ( )

0 1

1 1

0 1 1
1

n

n n

n

n
n n n

th th n
th TV

n
n

n n n
th th thn n

n n
th thT TV V

M M

M P P dV
P

M M M
P P P

dV dV
P P

ρ

ρ ρ

+

+ +

+ +
+

=

 ∂
= + −   ∂ 

 − ∆ ⇒ = + = +
   ∂ ∂
      ∂ ∂   

∫

∫ ∫

ɶ

ɶ

(28) 

 
f) Due to the large variation in the density, 

especially close to Tc and Tpc, it is necessary 
to use underrelaxation while solving Eq. (28)
, i.e.,   

 

θθθθ    

ηηηηout 

ηηηηin 

g 

0000    

ππππ    

Outer 

domain 

boundary 

Inner 

heated 

cylinder 

Line of 

symmetry  
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1

1
th

n

n
n n

th th P n

n
th TV

M
P P

dV
P

ω
ρ

+
+

 
 
 ∆

= +  
 ∂ 
   ∂  

∫
       (29) 

 
where the underrelaxation factor (

thPω ) used 

was in the range 0.1-0.3.  
g) Update density using Eq. (18) (to account for 

change in thermodynamic pressure), 
 

 ( )1 1 1

n

n
n n n n

th thn

th T

P P
P

ρ
ρ ρ+ + + ∂

= + − 
∂ 

ɶ     (30) 

 
h) Repeat steps (a) through (g) until the 

difference between 0M and 1nM + is below 
the prescribed tolerance, 

i)  

 

0 1
0 1

10
0 0

10

n

n
V V

V

dV dV
M M

M dV

ρ ρ

ρ

+

+
−

−
−

= ≤
∫ ∫

∫
  (31) 

 
Similar algorithms have been used by Accary and 
Raspo [22] and Majumdar [23] to study natural 
convection in closed domains using either the 
ideal gas and/or van der Waals EOS.  

(vi) Solve the momentum equations (Eqs. (16) and 
(17)) for intermediate velocities 1nu +ɶ  and 1nv +ɶ . 
The gradient of the dynamic pressure is calculated 
using values from the previous iteration ( n

d
P ). 

(vii) Solve a Poisson equation for the pressure 
correction ( 1n

d
Pδ + ).  

(viii) Calculate the velocity corrections ( ,u v′ ′ ) using 
1n

d
Pδ +  and then update the velocities as,  

 
 1 1 1 1,n n n n

u v
u u u v v vω ω+ + + +′ ′= + = +ɶ ɶ   (32) 

 
where ,

u v
ω ω are underrelaxation factors 

(typically in the range 0.4-0.6). 
(ix) Check for convergence. If not converged, repeat 

steps (i)-(viii). The convergence criterion used is, 
 

 
1

6
1 10

n n

n
Max

φ φ
φ

+
−

+

−
≤           (33) 

 
     where φ stands for the variables ( , , , ,

d
T u v Pρ ). 

 
Heat Transfer 

 The local heat transfer coefficient ( hθ ) and the 
corresponding local Nusselt number ( uθ ) on the heated 
cylinder was calculated as, 

 
( )1 1

in

in

in in

refin

ref ref

T
k

q
h

T e T

h lh D
u

k k

η
θ η

η η

η η

θθ
θ

η

=

=

∂ 
   ∂
 = = − 

− −  
  

= =

    (34) 

where kref is the reference thermal conductivity evaluated at the 
reference pressure and temperature. The area-averaged heat 
transfer coefficient (h) and Nusselt number (u) is calculated 
as, 
 

0.5

0

2

ref

ref

h h d

hl
u

k

θ θ=

=

∫
                 (35) 

 
Boundary Conditions 

 The boundary conditions used in the simulations are, 
Inner radius ( , 0 0.5

in
η η θ= ≤ ≤ ):  

 

 
0
( )

0

in

d

v u

T T constant temperature

P

η

= =

=

∂
=

∂

     (36) 

 
Outer radius ( , 0 0.5

out
η η θ= ≤ ≤ ):  

For closed domain: 

 0, 0, , 0d

out

P
v u T T

η
∂

= = = =
∂

     (37) 

For open domain: 

 

( ) ( )
0,

2

0 0

1 0
0d

e u ve
v

T
if u

T if u

P

η ηρ ρ

η π θ

η

∂ ∂
= = −

∂ ∂

∂
= >

∂

= <

=

        (38) 

 
In Eq. (38), the tangential velocity (v) is taken to be zero at the 
outer boundary (i.e., the flow is assumed to be purely radial). 
The radial velocity (u) is then determined using the continuity 
equation (Eq. (15)). The temperature at the outer boundary is 
set equal to the bulk fluid temperature if the flow is entering the 
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domain. If the flow exits the domain, the temperature gradient is 
set equal to zero.  
 
Plane of symmetry ( 0 0.5,

in out
andθ θ η η η= = ≤ ≤ ): 

 0, 0, 0, 0d
Pu T

v
θ θ θ

∂∂ ∂
= = = =

∂ ∂ ∂
         (39) 

 

RESULTS A�D DISCUSSIO� 
 
Code Validation 

Since no benchmark solutions are available to validate 
the computer code for the conditions of interest (natural 
convection from horizontal cylinders at near-critical pressures) 
in this study, validation was done using a natural convection 
benchmark problem. The benchmark problem of interest is 
natural convection from a heated isothermal horizontal cylinder 
placed in an infinite fluid medium. The benchmark solutions 
provided by Kuehn and Goldstein [24] and Saitoh et al. [25] are 
for air (incompressible fluid, constant properties, Pr = 0.7). The 
Ra varied from 1 to 106. In this study, the validation test cases 
were performed for air with variable properties in an open 
domain. The tests were done for 61 10Ra≤ ≤ with 50out inr r = . 
In the test cases 

th
P  = 0.101 MPa, Tb = 30 oC, Tw = 60 oC and 

D was varied so as to obtain the required Ra.  Note that all 
properties are evaluated at Tb and P. Table 1 shows a 
comparison of the numerical results obtained with the 
benchmark solutions for 61 10Ra≤ ≤ and Pr = 0.72. As can be 
seen, the current results match the benchmark solutions well 
except at Ra = 106, where the difference is about 3%. 

 
TABLE 1. COMPARISON OF THE VALIDATION TEST 

CASE RESULTS WITH BENCHMARK SOLUTIONS. 
 

Ra 
Study 

10
0
 10

1
 10

2
 10

3
 10

4
 10

5
 10

6
 

 [24] 1.04 1.4 2.05 3.09 4.94 8 13.52 
 [25]    3.024 4.826 7.898  

Present  1.02 1.40 2.03 3.07 4.89 8.1 13.9 
 
 
�umerical Simulations 

To access the performance of the code at near-critical 
conditions preliminary tests were performed with a closed 
domain. For these test cases, a very large domain was 
considered, 10.873

out in
η η = −  (corresponding to 

3750
out in

r r = ), since this was approximately the equivalent 
outer radius of the test chamber used in the experiments [9]. A 
smaller domain would have resulted in a substantial increase in 
Pth as the computations proceed towards steady-state. As a 
result, the steady-state value of Pth would be quite different 
from the initial value of Pth. In turn this would make 

comparison of the numerical and experimental results difficult 
since no noticeable change in Pth was observed in the 
experiments [9]. Another consequence of the large domain size 
was the need to have a large number of grid points (maximum 
of 1096 x 164 grid points). As a result, the computer time taken 
to obtain steady-state solutions is also very substantial. The 
majority of the computing time was spent in computing Pth, with 
the time spent increasing as the one got closer to the critical or 
pseudocritical points. Due to these reasons, the idea of using a 
closed domain for the simulations was not pursued any further.  
 All results given in this paper were obtained for 
numerical simulations performed using an open domain. Three 
different sizes of the inner heated cylinder were used in the 
simulations (Din = 25.4, 76.2 and 100 µm). However with an 
open domain, one needs to take care to ensure that the domain 
boundaries are far away so as to have negligible influence on 
the solutions. In general, the domain size should increase as Ra 
decreases ([24]-[25]). All the numerical simulations were 
performed using 5.644

out in
η η = −  (corresponding 

to 100
out in

r r = ). This domain size was chosen based on 
simulations performed using domain sizes of 

4.644 7.966
out in

η η− ≤ ≤ −  (corresponding to 50 ≤ 
out in

r r ≤ 
500). Since the difference in the average u obtained using 

5.644
out in

η η = −  and 7.966
out in

η η = −  was only 0.87%, it 
was decided that a domain size of 5.644

out in
η η = −  will be 

used in the simulations.  
 Figure 3(a)-(d) shows a comparison of the numerical 
results with the experimental data [9] for P = 8.10 MPa (P/Pc = 
1.098) and Tb varying from 10oC to 50oC.  The cylinder 
diameter (D) is 100 µm. Figures 3(e)-(f) show the comparison 
for P = 7.50 MPa (P/Pc = 1.017), Tb = 25 oC and 31oC and D = 
25.4 µm. As can be seen from Fig. 3, the results of the 
numerical simulations match well with the experimental data. 
The general behavior of h as a function of Tw is as follows: h 
increases rapidly with increasing Tw; reaches a maximum and 
then decreases with further increase in Tw. The maximum value 
of h occurs when Tw is close to Tpc. For low values of Tw, the 
numerical results match the experimental results well. When Tw 
is close to Tpc (i.e., 2w pcT T− ≤  oC), the numerical results 

underpredict the experimental data by about 10-15% in most 
cases. Similarly, when Tw is large (i.e., Tw >> Tpc), the numerical 
results underpredict the experimental data by about 15-20% in 
all cases. The most probable causes for this underperdiction are: 
(i) in the experiments, it is very difficult to obtain the exact 
heater temperature where h is close to its maximum (since h is 
very sensitive to Tw when Tw is close to Tpc), (ii) the numerical 
simulations may not have been run at the exact same 
temperature as the experiment and (iii) the numerical 
simulations do not model the chaotic flow structure that is 
observed in the experiments [2-5,9] at higher values of Tw (Tw > 
Tpc).  
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FIGURE 3. COMPARISON OF NUMERICAL RESULTS WITH EXPERIMENTAL DATA FOR (a)-(d) P = 8.10 
MPa, 10oC ≤ Tb ≤ 33.3oC AND D = 100 µm AND (e)-(f) P = 7.50 MPa, 25oC ≤ Tb ≤ 31oC AND D = 25.4 µm. 
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To illustrate the effect of varying Tb, the numerical 
data shown in Figs. 3(a)-(d) is replotted in Fig. 4 in terms of h 
vs. (Tw-Tb) (Fig. 4(a)) and u vs. (Tw-Tb)/Tpc (Fig. 4(b)). 
Referring to Fig. 4(a), for fixed P, D and (Tw-Tb), increasing Tb 
results in an increase in h provided Tb < Tpc; on the other hand, 
for Tb ≥ Tpc, increasing Tb results in a decrease in h. This trend 
is a little bit more difficult to observe in Fig. 4(b) (u vs. (Tw-

Tb)/Tpc) because the reference thermal conductivity (kref) 
(evaluated at P and Tb and used to convert h to u) changes 
nonlinearly with Tb. Additionally, for a given Tb, h (and u) 
reaches its maximum value when Tw > Tpc. Increasing Tb (for Tb 
< Tpc) results in an increase in the magnitude of the maximum 
value of h. The largest value of h is obtained when Tb is just 
below Tpc and Tw is just above Tpc (i.e., Tb < Tpc < Tw). It is 
evident from Fig. 4 that for a given P, h (and u) is dependent 
on both Tb and Tw individually because of the strong 
dependence of the thermophysical properties on temperature. 
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FIGURE 4. NUMERICAL RESULTS FOR P = 8.10 MPa, 

10oC ≤ Tb ≤ 50oC AND D = 100 µm (a) h vs. Tw- Tb AND (b) 
u vs. (Tw-Tb)/Tpc.    

The effect of pressure on h (and u), is shown in Fig. 
5, where h is plotted as a function of (Tw-Tpc) and u is plotted 
as a function of (Tw – Tpc)/Tpc for D = 100 µm and P = 7.50, 
8.10 and 9.60 MPa (P/Pc = 1.017, 1.098, and 1.301, 
respectively). Referring to the h vs. (Tw-Tpc) plots, for a given 
Tb, h increases with decreasing P when Tw is below or slightly 
above Tpc. This behavior is a direct result of the fact that the 
property variations becoming larger as P decreases and 
approaches Pc (P/Pc → 1). On the other hand, for Tw >> Tpc, h 
increases with increasing P.  

The dependence of both h on D is shown in Fig. 6. 
Note that the h vs. D plots is only shown for selected (Tw-Tb) 
values. For the same conditions (P and Tb), h increases as D 
decreases.  The dependence of h on D was found to be h ∝ D-

0.47(or u ∝ D
0.53). This dependence of h on D is almost 

identical to that found in the experiments of [9], which is h ∝ D-

0.5. This dependence is stronger that the dependence given by 
the standard textbook laminar natural convection correlations 
(for example [26] where h ∝ D

-0.25).  Note that the dependence 
of h on D (h ∝ D

-0.47) is valid for all values of Tw (i.e., both 
below and above Tpc). The most probable reason for this is the 
curvature effects induced due by the small cylinder diameters. 

Figures 7(a)-7(c) shows the dimensionless temperature 
(= ( ) ( )b w b

T T T T− − ) contours  and dimensionless velocity 

vectors for P = 7.50 MPa, Tb = 31 oC and D = 100 µm for Tw = 
31.05, 32.25 and 50 oC, respectively. The temperature contour 
corresponding to ( ) ( )b w b

T T T T− − = 0.05 is labeled in each 
figure. The dimensionless temperature difference between 
successive contours is 0.05. The length of the arrows used to 
denote the velocity vectors represents its magnitude. Note that 
for low values of Tw, the thickness of the thermal boundary 
layer (δt) is comparable to the diameter of the cylinder (see Fig. 
8(a)). As Tw increases, δt decreases and a well defined 
convective plume can be seen at the top of the cylinder (see 
Figs. 7(b)-7(c)). The flow velocity also increases with increase 
in Tw. 

One important question that we hoped to answer when 
we began this study was, for given P and Tb (Tb < Tpc), is there a 
specific Tw where h will be maximum and if so why? Let Tw,peak 
denote the wall temperature at which the maximum value of h 
occurs, for a given P and Tb. Now referring to Figs. 3(a) 
through 3(c), two trends can be clearly seen: (i) the maximum 
value of h always occurs when Tw,peak > Tpc and (ii) as Tb 
increases, Tw,peak shifts closer to Tpc (Tw,peak > Tpc). In other 
words, for a given P and Tb (for Tb < Tpc), the maximum in h 
will occur when Tb < Tpc < Tw. A similar trend is also seen in 
our experimental data [9] and in the experimental data of 
Neumann and Hahne [5]. Nishikawa and Ito [6] also observed a 
similar behavior in their numerical simulations results for an 
isothermal vertical plate. The Tw,peak values predicted from the 
numerical simulations is shown in Figs. 8(a) and 8(b); Fig. 8(a) 
shows (Tw,peak - Tpc)/Tc vs. (Tpc - Tb)/Tc while Fig. 8(b) shows the  
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FIGURE 5. EFFECT OF PRESSURE FOR D = 100 µm, Tb = 10, 25, 31oC. 
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FIGURE 6. EFFECT OF DIAMETER FOR P = 7.50 MPa, Tb = 25, 31 and 35 oC. 
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FIGURE 7. TEMPERATURE AND VELOCITY FIELDS FOR 

P = 7.50 MPa, Tb = 31 oC, D = 100 µm (a) Tw = 31.05 oC, (b) 
Tw = 32.25 oC, (c) Tw = 50 oC. 
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FIGURE 8. VARIATION OF Tw,peak AS A FUNCTION OF Tb 
AND P. 

 
 
same data plotted as (Tw,peak - Tb)/Tc vs. (Tpc - Tb)/Tc. The data 
clearly shows that as Tb approaches Tpc, Tw,peak shift closer to Tpc.  

To get a better understanding of this behavior one has 
to examine the radial profiles of temperature and relevant fluid 
properties in the vicinity of the heated cylinder in greater detail. 
Figure 9(a) shows the radial temperature profiles for the lower 
stagnation point (θ = 0) for P = 7.50 MPa, D = 100 µm, Tb = 31 
oC and for Tw varying from just below Tpc to above Tpc. Also 
shown in Fig. 9 are the corresponding property variations in the 
radial direction for the same conditions. In Fig. 9, note that all 
fluid properties in the ordinate are normalized using the 
corresponding bulk fluid values and the abscissa is the 
dimensionless distance from the cylinder surface  
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FIGURE 9. RADIAL PROFILES OF TEMPERATURE AND RELEVANT FLUID PROPERTIES. 
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( in

ref
y l e e

ηη= − ). For reference, Tpc = 31.7 oC and Tw,peak = 
32.25 oC for the data plotted in Fig. 9.  
 In Fig. 9, the curves shown with the solid line 
represent the case where Tw,peak = 35.25oC. As Tw is increased, 
the density of the fluid at the wall begins to decrease (the fluid 
goes from a “liquid-like” state to a “gas-like” state) as seen in 
Fig. 9(b). A similar trend is seen in the behavior of the viscosity 
(Fig. 9(e)). The specific heat (Cp) increases with Tw; reaches a 
maximum when Tw = Tpc and then begins to decrease with 
further increase in Tw. Additionally, both k and Pr show similar 
behavior. Note that for Tw > Tpc, the maximum value of k, Cp 
and Pr occur within the thermal boundary layer.  
 Figure 10 shows the variation of T, ∂T/∂y and Pr in the 
radial direction for the same cases as those shown in Fig. 9. The 
area-averaged h values corresponding to each test case is also 
listed in Fig. 10. Referring to Figs. 10(a) and 10(b), as Tw 
increases from 31.5 to 31.7 oC (note Tpc = 31.7oC), the peak 
value of Pr, which occurs at the wall, also increases. As Tw 
increases further (see Figs. 10(c)-10(f)), the peak in Pr moves 
away from the wall.  The effect of the peak in Pr is to “flatten” 
the radial temperature profile (i.e., reduce the radial temperature 
gradient). Though this effect is not very obvious from the 
temperature profile, it is very clear in the ∂T/∂y curves; the 
slope of the ∂T/∂y curves change abruptly close to the radial 
location where the peak in Pr occurs. The “flattening” of the 
temperature profile is primarily due to the fact that Cp peaks at 
that location. This peak in Cp results in the formation of a “heat 
sink” (i.e., a fluid layer with very large specific heat capacity) 
which causes the slope of ∂T/∂y at that location to decrease. 
Note that the peak in k at the same location only enhances (i.e., 
further decrease the slope of ∂T/∂y curve) the “flattening” of the 
temperature profile. Though not shown, similar profiles are also 
obtained for other angular locations. 
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Figure 10.  RADIAL PROFILES OF T, ∂T/∂y, AND Pr. 
 

 Referring to cases shown in Figs. 9 and 10, it can be 
seen that the maximum value of h occurs when the peak in k, Cp 
and Pr is some distance away from the heater surface (Fig. 
10(d), Tw = 32.25 oC) and does not occur when the peaks are at 
the heated wall.  Additionally, as the location of the peak in the 
fluid properties moves further away from the wall, its effect on 
the heat transfer rate from the wall decreases. As such, one can 
qualitatively say that for given P and Tb, the maximum value of 
h occurs when Tw > Tpc and is related to both the presence of 
the “heat sink” and it’s location with respect to the heated wall. 
The numerical results obtained for other test cases also show 
similar behavior.  

 
 

CO�CLUSIO�S 

 A numerical investigation of natural convection heat 
transfer from small horizontal cylinders at near-critical 

pressures was carried out. The results of the numerical 
simulations predict the experimental data well at low values Tw 
and are about 10-20% below the experimental data for higher 
value of Tw.  
 The dependence of h on parameters such as P, Tb, Tw 
and D were investigated. The results obtained are as follows: 

(i) For given P and D, h is strongly dependent on Tb 
and Tw.  

(ii) The heat transfer coefficient decreases with 
increasing values of P (P/Pc > 1).  

(iii) For fixed P, Tw and Tb, the dependence of h on D 
is h ∝ D-0.47. 

(iv) For a given P, the maximum heat transfer 
coefficient is obtained for conditions where Tb < 
Tpc < Tw. Analysis of the temperature and flow 
field qualitatively shows that this peak in h occurs 
when k, Cp and Pr in the fluid peak close to the 
heated surface.  
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